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Classical Mechanics
Ph.D. Qualifying Examination

9 January, 2015
9:00 to 12:00

Full credit can be achieved from completely correct answers to 4 questions. If
the student attempts all 5 questions, all of the answers will be graded, and the
top 4 scores will be counted toward the exams total score.
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Problem 1
Consider an infinitely long, linear harmonic chain with particles of two different masses, m
and M , and force constant κ, as shown below. Let a be the equilibrium distance between
two neighboring particles of the same mass, and let qj and rj be the deviations from their
equilibrium positions for the j-th particle of mass m, and the j-th paticle of mass M ,
respectively.
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(a) Find the kinetic and potential energies for the system and write down the Lagrangian
for the system. Determine the equations of motion for qj and rj .
(b) Apply the usual strategy of assuming solutions of the form qj = Qj exp[iωt] and
rj = Rj exp[iωt]. What are the equations for the amplitudes Qj and Rj , which result
from the equations of motion?
P
Pj=+∞
(c) Now, let Q(k) = j=+∞
j=−∞ Qj exp[i (jka)] and R(k) =
j=−∞ Rj exp[i (jka)], where
√
i = −1 and the sum on j is over over all particles of mass m for Q(k) or over all particles
of mass M for R(k).
Using the above definitions for Q(k) and R(k), which are identified as the normal modes
of the system, perform the sum over all of the amplitudes in part (b) above and obtain the
equations for Q(k) and R(k).
(d) Find the normal mode frequencies (i.e. the dispersion relation) ω(k) for the system.
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Problem 2
A ”symmetric top” consists of a thin, uniform, circular disk of mass 4m and radius 3a. A
thin, rigid rod, of length 4a and mass m is rigidly attached to the center of the disk as
shown below. The rod is perpendicular to the disk. The ”symmetric top” sits at the apex
of a stand as shown below. Choose a coordinate system for the body, which has the x̂3 -axis
pointing along the direction of the rod.
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The Euler angles are defined in the following way: φ represents a rotation about the body
x̂3 -axis, θ represents a rotation about the newly rotated x̂1 -axis (x̂01 ), and ψ represents a
rotation about the newly rotated x̂3 -axis (x̂03 ). The following relationships for the body’s
angular velocities ω1 , ω2 , ω3 then hold in terms of the Euler angles φ, θ, ψ:
ω1 = φ̇ sin θ cos ψ + θ̇ cos ψ
ω2 = φ̇ sin θ cos ψ − θ̇ sin ψ
ω3 = φ̇ cos θ + ψ̇
(a) Obtain the position of the center of mass, and the moments of inertia along the body
axes, I1 , I2 , I3 .
(b) The top can rotate freely (i.e. without friction) about the pivot point at the apex
of the stand and is subject to a constant gravitational acceleration g. Obtain the Langrangian L in terms of the Euler angles, φ, θ, and ψ.
(c) Obtain Lagrange’s equations of motion for the Euler angles. Identify any conserved
quantities.
(d) Determine the minimum spin (rotational velocity) of the disk about the rod, such
that the top can precess in a steady motion with the lowest point of the rim of the disk at
the same level as the apex of the stand (as shown above).
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Problem 3
A point particle is constrained to move on the surface of the Earth without friction. The
origin of a local coordinate system is oriented such that the positive x-axis points south,
the positive y-axis points east, and the positive z-axis points perpendicular to the Earth’s
surface, as shown below. Let the radius of the Earth be R and ω be the angular velocity
of the Earth’s rotation about its axis.
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(a) Assume the particle moves with a velocity of ~v = vx x̂ + vy ŷ. What is the horizontal
component of the Coriolis acceleration? Write down the resulting set of coupled, nonlinear,
second-order differential equations of motion for the horizontal positions x and y.
(b) Now let the origin of the coordinate system be located (fixed) on the Earth’s equator.
Assume the following:
• the radius of the Earth is very large compared with x, the distance of the particle
from the equator: x  R
• the velocity of the particle perpendicular to the equator is much less than the
velocity of the particle along the equator: |vx |  |vy |
If, at time t = 0, the particle is located at the origin with initial velocity ~v (0) = vx x̂ + vy ŷ,
determine the positions x(t) and y(t) on the surface of the Earth as a function of time.
(c) Draw a rough sketch of the trajectory from part (b).
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Problem 4
A cylindrical block of wood of mass density ρw , radius R, and height h is partially immersed in a liquid of mass density ρl and then released, as shown in the figure.
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(a) What is the equilibrium height (relative to the top surface of the block) above the water
level zeq ?
(b) If the block was initially slightly raised, so that z0 ≡ z(t = 0) > zeq , and then released, calculate z(t) assuming no viscosity.
(c) Now assume that the liquid is viscous, and that the viscous force is proportional to the
velocity, as given by Fv = −bv. How is the motion of the block modified? Write down the
equation of motion.
(d) What is the condition on the viscous parameter b for the motion to be critically damped?
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Problem 5
A particle of mass m moves in an attractive central potential V (r) = − β1 rkβ , where k
and β are constants. Assume that the angular momentum L of the particle is not zero.
(a) Write down the Lagrangian. Show that the angular momentum L of the particle
is conserved.
(b) Determine the total energy of the system in terms of m, r, ṙ, k, β, and L. What
is the kinetic energy term, which is only a function of the radial velocity of the particle?
What is the effective potential energy term Veff (r), which is only a function of radial position of the particle?
(c) Sketch the effective potential Veff (r) above as a function of r for the following three
cases
• β<0
• 2>β>0
• β>2
For what values of β does a stable circular orbit exist? For what values of β are all orbits
bounded?
(d) For those values of β which support a stable circular orbit, calculate the radius, r0 , of
the stable circular orbit in terms of m, k, β, and L.
(e) Let r = r0 + δr. Derive the equation of motion for radial deviations, δr(t), assuming δr is small. What are the conditions on β, such that the perturbed orbit is closed?

