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Full credit can be achieved from completely correct answers to 4
questions. If the student attempts all 5 questions, all of the answers will
be graded, and the top 4 scores will be counted toward the exam’s total
score.
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Problem 1
An ideal monatomic gas of N particles, each of mass m, is in thermal equilibrium at absolute
temperature T. The gas is confined in a cubical box of side L. The velocities of the particles are
distributed according to the Maxwellian distribution.
(a) What is the most probable speed 𝑣𝑚𝑝 of the particles?
(b) What is the most probable kinetic energy 𝜖𝑚𝑝 of the particles?
(c) What is the average kinetic energy of the particles? No explicit derivation is required.
(d) Now consider the effect of the earth’s gravitational field, assumed uniform over the height L of
the container, with acceleration due to gravity being g. What is the average potential energy of
a particle?
(e) Derive an expression for the chemical potential of the gas particles as a function of the
concentration c(z), where z is the height in the vertical direction, and other physical constants.

Problem 2
Consider a two-dimensional model of a solid at
absolute temperature T that contains N negatively
charged impurity ions per unit volume, such that
these ions replace some of the ordinary atoms of
the solid. The solid as a whole is electrically
neutral. This is so because each negative ion (with
charge e) has in its vicinity one positive ion (with
charge +e). The positive ion is small and thus free
to move between four lattice sites surrounding the
negative ion, as shown in the figure. The lattice
spacing is a.

(a) What is the mean electric polarization, i.e. mean electric dipole moment per unit volume, in the
presence of an electrical field Ɛ applied along the x direction?
(b) Without any explicit derivation, state the limiting values of the entropy per unit volume of this
solid at (i) very low temperature (kBT << eƐ) and (ii) very high temperature (kBT >> eƐ). Give
your reasoning.
(c) Verify your results in part (b) by explicitly writing down an expression of the entropy per unit
volume as a function of temperature, and taking the appropriate limits.
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Problem 3
Consider a polymeric chain of N links, each of length a. In the absence of an applied force, each link
is equally likely to be directed to the left or to the right. The polymer is extended to a length l under
the influence of an external force f.
(a) Write down a thermodynamic identity for this polymer, analogous to the identity 𝑑𝑈 = 𝑇𝑑𝑆 −
𝑝𝑑𝑉 for a hydrostatic system
𝑓

(b) Show that 𝑇 = −

𝜕𝑆
𝜕𝑙 𝑈

(c) Write an expression for the number of arrangements Ω(𝑁, 𝑚 ) that give a head to tail length
𝑙 = 2 𝑚 𝑎, where m is the number of links in excess of N/2 that point to the right or to the left.
(d) Assume that Ω(𝑁, 𝑚 ) can be expressed as a Gaussian for 𝑚 ≪ 𝑁, and show that the entropy
of the system is given by
𝑆 𝑙 /𝑘𝐵 = ln 2Ω 𝑁, 0 − 𝑙 2 /2𝑁𝑎2
(e) Show that for small extensions l, the polymer behaves like a Hookean spring.

Problem 4
DNA can be modeled as two parallel polymer strands with links between the strands called base pairs.
Each base pair can be in a closed state with energy 0 or in an open state with energy 𝜀 > 0.
Consider a DNA molecule with N base pairs in
thermal equilibrium at temperature T, as shown.
Thermal fluctuations can cause each base pair to
open, leading to separation of the two strands.
Assume that the two strands are tethered together
at the right end such that the molecule can open
only from the left end, and only in sequential
order (i.e. base pair s can open only if 1, 2... s–1 to the left of it are already open).
(a) Show that the partition function Z for this system is given by the following expression:
𝑁+1 𝜀
𝑘𝐵 𝑇
𝜀
1 − exp
(−
)
𝑘𝐵 𝑇

1 − exp −
𝑍=

(b) In the limit that 𝑁 → ∞ determine the mean number 〈n 〉 of open base pairs.
(c) Evaluate 〈n 〉 from part (b) in the limit that (i) 𝑇 → 0 and (ii) 𝑇 → ∞
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(d) Next, consider the same DNA molecule
now surrounded by a protein p at
concentration c. Protein p can bind to the
DNA only at a site that is open, as shown.
Assume each protein p can occupy no more than
one base pair. The chemical potential for p is
𝑐
𝜇 = Δ + 𝑘𝐵 𝑇ln 𝑐 , where c0 and Δ are constants
0

(c0 > 0). Write down a closed form expression for the Grand canonical ensemble for this system, in the
limit that 𝑁 → ∞

Problem 5
Part I: Starting from the first and second law of thermodynamics, show that
(a) the maximum work that can be extracted from a system in a process at constant temperature is
equal in magnitude to the change in its Helmholtz free energy
(b) the maximum non-expansion work that can be extracted from a system in a process at constant
temperature and pressure is equal in magnitude to the change in its Gibbs free energy.
Part II: Consider a system consisting of two particles, each of which can be in any one of three
quantum states of respective energies 0, Ɛ, and 3Ɛ. The system is in contact with a heat reservoir at
temperature T. Ignore the spin degrees of freedom.
(a) Write an expression for the partition function Z if the particles obey classical Boltzman
statistics and are considered distinguishable.
(b) What is Z if the particles obey Bose-Einstein statistics?
(c) What is Z if the particles obey Fermi-Dirac statistics?

Useful relations:
𝑉

𝑍1 = 𝑣 𝑍𝑖𝑛𝑡 , where 𝑣𝑞 =
𝑞

ℎ
2𝜋𝑚 𝑘 𝐵 𝑇
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𝑉𝑍𝑖𝑛𝑡

𝜇 = −𝑘𝐵 𝑇ln

;
𝜕𝑥
𝜕𝑦

𝐹 𝑥, 𝑦, 𝑧 = 0 ⟹
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𝑧

𝜕𝑦
𝜕𝑧

𝑥

𝜕𝑧
𝜕𝑥

𝑁𝑣𝑞

= −1
𝑦

